Hexagon Ising-Kondo lattice: An implication for intrinsic
  antiferromagnetic topological insulator by Yang, Wei-Wei et al.
Hexagon Ising-Kondo lattice: An implication for intrinsic antiferromagnetic topological insulator
Wei-Wei Yang,1 Yin Zhong,1, ∗ and Hong-Gang Luo1, 2
1School of Physical Science and Technology & Key Laboratory for Magnetism and Magnetic Materials of the MoE,
Lanzhou University, Lanzhou 730000, People Republic of China
2Beijing Computational Science Research Center, Beijing 100084, China
(Dated: July 29, 2020)
Recently, theMnBi2Te4 material has been proposed as the first intrinsic antiferromagnetic topological insulator
(AFMTI), where the interplay between magnetism and topology induces several fascinating topological phases,
such as the quantum anomalous Hall effect, Majorana fermions, and axion electrodynamics. However, an exactly
solvable model being capable to capture the essential physics of the interplay between magnetism and topology
is still absent. Here, inspired by the the Ising-like nature [B. Li et al. Phys. Rev. Lett. 124, 167204 (2020)]
and the topological property of MnBi2Te4, we propose a topological Ising-Kondo lattice (TIKL) model to study
its ground state property in an analytical way at zero temperature. The resultant phase diagram includes rich
topological and magnetic states, which emerge in the model proposed in a natural and consistent way for the
intrinsic magnetic topological insulator. With Monte Carlo simulation, we extend the AFMTI ground state
to finite temperature. It reveals that topological properties do sustain at high temperature, which even can be
restored by elevated temperature at suitable correlation strength. The results demonstrate that TIKL may offer
an insight for future experimental research, with which magnetism and transport properties could be fine tuned
to achieve more stable and exotic magnetic topological quantum states.
Introduction.−The quantized anomalous Hall (QAH) effect
in magnetic topological insulator (TI) was demonstrated by
Zhang et al. a decade ago [1], where the ferromagnetic (FM)
order that breaks the time-reversal symmetry is a crucial cri-
terion for realizing the QAH state. For a long time, the
QAH effect was only observed at sufficiently low tempera-
ture (∼ 1K) in some weakly correlated materials [2–8], e.g.,
(BixSb1−x)2Te3 thin films, where the topology sensitively de-
pends on magnetic doping. When considerable electron corre-
lation is taken into account, a growing variety of new regimes
showup, such as the quantum spin liquid state [9] and a dynam-
ical axion field [10]. By suppressing the effective bandwidth,
correlations enhance the effect of spin-orbit interaction and
lead to enhanced stability of the TI state with interactions,
with which robust FMmaterials can spontaneously exhibit the
QAH state without any external magnetic field. So far, even
without introducing spin-scattering centres, the robust long-
range ferromagnetism in topological materials has also been
intensively realized in experiments [11–13].
Compared with the above-mentioned TIs realized by mag-
netic doping or by proximity to a FM insulator with molecular
beam expitaxy, the intrinsic magnetic TI is a more ideal and
clean platform to display robust topological behaviors [14].
However, due to complex magnetic structure, the study of an-
tiferromagnetic (AFM) topological state is greatly hindered
in experiment, despite tremendous efforts [15]. Recently, the
van der waals layeredMnBi2Te4 familymaterials [16–18] have
been observed to be the antiferromagnetic topological insula-
tor (AFMTI), in which the topology and intrinsic magnetism
are firstly combined together. With the breaking time-reversal
Θ, breaking primitive-lattice translational symmetry T1/2 but
a preserving S = ΘT1/2, the MnBi2Te4 system leads to Z2
topological classification.
In MnBi2Te4 family materials, the interplay between topol-
ogy and magnetism intriguingly generates numerous exotic
topological quantum states, including the magnetic Weyl
semimetal, nodal line system, AFMTI, or Chern insulator [19].
Although the conception about AFMTI has been proposed the-
oretically early in 2010 [20], its successful synthesis was ful-
filled almost a decade later, which highlights the significance of
an exactly analytical study about the intrinsic magnetic TI. So
far, the relevant theoretical studies were limited to three ways:
numerical simulations, such as first-principle calculation [21],
Monte Carlo simulation [22] and variational cluster approxi-
mation [23]; minimal model with artificially introduced AFM
order [8, 20, 24]; and some approximation methods, includ-
ing mean-field approximation [25–28] and the slave-particle
method [9, 29]. However, the exactly analytical study about
the microscopic mechanism of the interplay between magnetic
correlations and spin-orbit coupling (SOC) has not been car-
ried out yet. Although some relevant theoretical studies have
depicted the competition between magnetism and topology
[25, 26, 28, 29], their coexistence is rarely realized.
In this paper, motivated by the strong desire but incompati-
ble lack of analytical research about intrinsic magnetic TI, we
propose an exactly solvable microscopic model based on the
topological properties and Ising-like nature [30] of MnBi2Te4.
In MnBi2Te4, Mn atoms introduce long-range magnetic order
and the Bi-Te layers generate topological states. Therefore, in
the proposed topological Ising-Kondo lattice (TIKL)we use lo-
cal electrons tomimic theMn atoms, and the itinerant electrons
to mimic Bi-Te layers, respectively. Thus some interesting be-
haviors of Mn(SbxBi(1−x))2Te4 materials could be understood
by the analytical study of exactly solvable TIKL, which suc-
cessfully describes the x-dependent topological phase tran-
sition [31] in Mn(SbxBi(1−x))2Te4 family materials with the
next-nearest neighbor (NNN) hopping dependent topological
phase transition. With TIKL we systematically study the inter-
play between magnetism and topology. The accurate ground
state phase diagram including rich magnetic topological states
ar
X
iv
:2
00
7.
14
10
0v
1 
 [c
on
d-
ma
t.s
tr-
el]
  2
8 J
ul 
20
20
2is mapped to offer some understanding about the essential
physics of intrinsic magnetic TI. Besides, we show that the
AFMTI ground state can be extended to finite temperature
with Monte Carlo simulation. We also elaborate the finite
temperature phase diagram, which demonstrates that topol-
ogy survives at high temperature. At suitable correlation
strength, elevated temperature could even drive the restoration
of topological properties. Therefore, we analyse some possible
low-lying excitations to explicate these exotic behaviors. Our
findings demonstrate that the competition and coexistence of
magnetism and topology can be understood within the context
of TIKL, which may motivate further exploration of intrinsic
magnetic TI.
Model.−Our starting point is the TIKLmodel on honeycomb
lattice, which possesses two kinds of electrons, i.e., itinerant c-
electrons and localized f -electrons. The localized f -electrons
do not hop due to their infinite mass and only interact with
c-electrons via longitudinal Kondo exchange. The c-electrons
are modelled by the spinful Kane-Mele model and the whole
Hamiltonian reads:
Hˆ = −t
∑
〈i, j 〉σ
cˆ†iσ cˆjσ−t ′
∑
〈〈i j 〉〉σ
σeiφi j cˆ†iσ cˆjσ+
J
2
∑
jσ
Szjσcˆ
†
jσ cˆjσ,
(1)
where cˆ†jσ(cˆjσ) is c-electron’s creation (annihilation) operator
with spin σ =↑, ↓ at site j. Szj denotes the localized moment
of f -electron. t-term denotes the nearest-neighbor (NN) hop-
ping, and is used as the unit of energy (t = 1). t ′-term denotes
the NNN hopping, which corresponds to the SOC strength.
φi j = ± pi2 , where the positive/negative phase corresponds to
the anti-clockwise/clockwise hopping. J is the longitudinal
Kondo coupling. As shown in Fig. 1, for J > 0 (J < 0)
the coupling between localized and itinerant electrons is AFM
(FM), while the AFM configuration of localized moments is
maintained. Considering the symmetry of the phase diagram,
we focus on the J > 0 and t ′ > 0 in the rest of our work.
Choosing eigenstates of Szj as basis, Eq. (1) reduces into an
effective free fermion model [32]
Hˆ = −t
∑
〈i, j 〉σ
cˆ†iσ cˆjσ−t ′
∑
〈〈i j 〉〉σ
σeiφi j cˆ†iσ cˆjσ+
∑
jσ
Jσ
4
qj cˆ
†
jσ cˆjσ
(2)
under fixed background {qj}, where qj = ±1 and Szj |qj〉 =
qj
2 |qj〉. Eq. (2) has the U(1) symmetry which reflects the
charge conservation, and the Z2 symmetry reflecting invari-
ance under spin-↑ → spin-↓. At the half-filling situation dis-
cussed in this paper, there also exists the particle-hole symme-
try.
Ground state.−The ground state of Eq. (1) is always anAFM
insulator for any nonzero J, captured by exact Hamiltonian
Hˆ =
∑
kσ
(
cˆ†
k Aσ
cˆ†
kBσ
) ( 2t′γ(k)σ+ Jσ4 −t f (k)
−t f ∗(k) −2t′γ(k)σ− Jσ4
) (
cˆk Aσ
cˆkBσ
)
(3)
and is inferred by the checkerboard order parameter
φc =
1
Ns
∑
j(−1)j 〈qj〉 [33, 34]. Here, f (k) = e−ikx +
2e
ikx
2 cos(
√
3
2 ky) and γ(k) = sin(
√
3ky) − 2cos( 32 kx)sin(
√
3
2 ky).
FIG. 1. The ground-state phase diagram of topological Ising-Kondo
lattice (TIKL) model in the J − t ′ plane. Rich quantum states include
trivial antiferromagnetic insulator (AFMI), paramagnetic topologi-
cal insulator (TI), antiferromagnetic topological insulator (AFMTI),
paramagnetic Dirac semimetal (DSM) and antiferromagnetic Dirac
semimetal (AFM DSM). The inset demonstrates the antiferromag-
netic (ferromagnetic) coupling between localized and itinerant elec-
trons at J > 0 (J < 0) region.
The main results at zero temperature are summarized in
Fig. 1. With interplay of topology and magnetism, TIKL
model leads to distinct topological andmagnetic ground states,
i.e., AFMTI, trivial antiferromagnetic insulator (AFMI), TI,
Dirac semimetal (DSM) and AFM DSM. These phases have
all been predicted in Ref. [17, 31]: (1) paramagnetic (PM)
MnBi2Te4 family material is predicted to be DSM/TI and
could phenomenologically correspond to the J = 0, t ′ = 0
/ t ′ , 0 case; (2) AFM DSM predicted in MnBi2Te4 cor-
responds to the boundary of AFMTI-AFMI transition (see
Fig. 1); (3) AFMTI and AFMI systems with J , 0 have also
been predicted in doped Mn(SbxBi(1−x))2Te4 materials [17].
In the AFMTI phase, different spin flavor contributes oppo-
site Chern number, leading to a TI state with charge Chern
number Ccharge = 0, spin Chern number Cspin = 2 (invariant
Z2 = 1). This result is consistent with the thickness-dependent
magnetic and topological transitions predicted in Ref. [35].
Note that in Mn(SbxBi(1−x))2Te4 phase diagram [31], there
FIG. 2. The spectrum of TIKL with the zigzag edges at J = 3 for
(a) AFMI, (b) AFM DSM and (c) AFMTI states. Boundary states
sustain to t ′c and disappear with smaller t ′.
3exists a x-dependent topological phase transition. When Sb
content is increased from x = 0 to 1, the Mn(SbxBi(1−x))2Te4
crystal would change from AFMTI to AFMI, with band gap
closing and reopening at critical xc = 0.55 [31]. Agreeing
with the result of TIKL model, Mn atoms (localized elec-
trons) introduce magnetism, while the Bi-Te/Sb-Te layers (itin-
erant electrons) control topological states. We report the x-
dependent topological phase transition could be understood
by t ′-dependent topological phase transition in TIKL model.
Therefore, the topological phase transition is fundamentally
caused by significant different SOC strength between Bi and
Sb, where SOCBiSOCSb ∼ 3.6 [31]. To better understand the topo-
logical phase transition, we study the dispersion of c-electrons
in TIKL. Around Dirac points (K) the quasiparticle energy
reads Ekσ = ±
√
9
4 t
2(k − K)2 + (−3√3t′σ + Jσ4 )2. As shown
in Fig. 2(c), the system in large SOC is a TI with surface
states. Decreasing SOC (t ′) leads to a AFMTI-AFMI topo-
logical phase transition, which is signaled by the change of
Z2 topological number and the vanishing of surface states. At
critical t ′c = J12√3 , the band gap 4 = 2|Ek | first closes and then
reopens at the Dirac point (see Fig. 3), with band inversion
disappearing.
FIG. 3. The c-electron’s dispersion in the first Brillouin zone at
J = 3 with (a) t ′ = 0.1, (b) t ′ = 1
4
√
3
and (c) t ′ = 0.2.
However, apart from SOC, the magnetism is also crucial
to topological properties. As shown in Fig. 1, the zero-
temperature phase diagram is determined by competition be-
tween Kondo coupling and SOC, in which the AFMTI state
only exists when J < Jc (Jc = 12
√
3t ′). With increasing J,
the system goes through from a gaped AFMTI to a gapless
AFM DSM and finally a trivial insulator. On approaching
the phase boundary Jc , the direct gap 4gap = 2|3
√
3t ′ − J4 |
closes (see Fig. 4). Further increasing J makes the gap re-
open, corresponding to the thoroughly vanishing of topologi-
cal properties. Analytical calculation on ground-state energy
suggests the topological phase transition belongs to 2D Ising
universality class [36]. (See details in SM). In layered van der
Waals AFM Mn(SbxBi(1−x))2Te4 family, the interlayer AFM
exchange coupling is quite weak, which has little influence
on topology. Instead, the intralayer magnetism do have an
effect on topological properties. With Sb content increas-
ing, Mn-Te-Mn bond angle decreases as well as the lattice
parameter [37]. Thus, with reducing Mn-Mn distance the di-
rect in-plane AFM interaction increases and competes with
the dominant intralayer FM interaction, leading to reduced
single-ion anisotropy and suppressed saturation moment. The
stronger intralayer AFM together with larger magnetic frus-
tration in MnSb2Te4 also promotes the x-dependent AFMTI-
AFMI transition.
FIG. 4. The spectrum of TIKL with the zigzag edges at t ′ = 0.1 for
(a) AFMTI, (b) AFM DSM and (c) AFMI states. Boundary states
sustain to Jc and disappear with larger J.
FIG. 5. Phase diagram of the particle-hole symmetric TIKL model
on two-dimensional in the T − J plane, obtained by lattice Monte
Carlo simulations. Low temperature phases: AFMTI at a small J
and AFMI at a large J. High temperature phases: Anderson insu-
lator (AI) at intermediate J crossing over to a TI at smaller J and a
Mott insulator (MI) at larger J. At intermediate T and J, there exists
an antiferromagnetic Anderson insulator (AFMAI) phase. The line
with circles indicates the continuous antiferromagnetic-paramagnetic
transition. The dashed red line denotes the region that elevated tem-
perature drives topology restoration. Inset: the spin Chern number
as a function of J at zero temperature.
Finite-temperature results.−We consider the TIKLwith 144
atoms constructed as the inset of Fig. 5 and set t ′ = 0.1.
We report the main result in the phase diagram (see Fig. 5).
At low temperature, there exists AFMTI at a small J and
trivial AFMI at a large J. At high temperature, increasing J
leads to crossover from PM TI to Anderson insulator (AI) and
finally to a Mott insulator (MI). When both temperature T and
interaction J are intermediate, an antiferromagnetic Anderson
insulator (AFMAI) emerges. Despite the absence of explicit
4disorder, f -electrons at intermediate J instead effectively act as
random potential and thus lead to localization in TIKL model
[38].
Although previous studies have revealed the AFM ground
state under interplay of topology and Kondo-like interaction
[34], the resultant AFMTI is limited to the zero temperature
situation. In this work we confirm that the AFMTI state do
sustain at a considerable finite temperature region. The Kondo
interaction introduces a significant gap 4 ∼ J, with which it is
promising to realize the high-temperature quantum spin Hall
(QSH) effect.
In order to confirm the transition properties, we further mea-
sure the checkerboard order parameter φc , the specific heatCv
and susceptibility χq versus temperature [39]. The existence
of singularity clearly suggests a phase transition. We make a
finite-size scaling analysis of φc under different Kondo cou-
pling, corresponding to theAFMTI-TI,AFMAI-AI andAFMI-
MI transitions, respectively, where the AFMTI-TI transition of
MnBi2Te4 has been predicted by first-principles density func-
tional theory calculation in Ref. [17]. Here the Monte Carlo
result indicates that the AFM-PM transition is continuous for
any nonzero J, which belongs to 2D Ising universality class.
At high temperature, there exists merely smooth crossover be-
tween TI-AI and AI-MI transitions, where energy density and
double occupation of c-electrons have linear dependence on J
[39].
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FIG. 6. Excited energy above ground state for low-lying excitations:
single-particle excitation (SP), single-spin flipping (SS), AFM do-
main wall (DW) and neighbor double-spin flipping (DS). Inset shows
the zoom-in data around topological phase transition.
low-lying excitation.−Crossing Jc at zero temperature,
topology vanishes with gap reopening. When temperature is
larger than the energy scale of c-electron’s excitation (around
the red dashed line in Fig. 5), thermal fluctuation erases the
reopened gap and makes the topological properties restore
[40, 41]. Motivated by this exotic phenomenon, we provide an
analysis of some possible low-lying excitations. Candidates
include: (1) single-particle excitation, (2) single-spin flipping,
(3) AFM domain wall and (4) neighbor double-spin flipping.
Their excited energy above ground state is depicted in Fig. 6, in
which single-spin flipping is the lowest one for most J. Except
for Jc , around which the single-particle excitation is gapless.
According to energy scale of low-lying excitations under
different J, the restoration of topology leads to different phases.
For convenience, we denote the energy scale of topological gap
as Etopo, and the Kondo-induced one as EKondo. At small J
(J ∼ Jc), where Etopo < T < EKondo, erased SOC-induced
gap and surviving Kondo-induced gap conspire to a restored
TI phase. At large J with T > Etopo,T > EKondo, both gaps
are erased and a topological Anderson insulator (TAI) phase
occurs with a metallic density of state. AI is thus divided
into TAI and normal AI [39, 42]. Upon further increasing
J, the excited energy of single-particle excitation increases
linearly. When the gap exceeds thermal fluctuation, where
EKondo < T < Etopo, a normal AI appears with no restoration
of topology.
Discussion.−The coexistence of (symmetry-protected)
topological order and AFM long-range order has already been
predicted in weak coupling regime of topological Kondo in-
sulator (TKI) by a mean-field calculation [34] and further
been investigated by a dynamicmean-field approximation [40].
However, the previous theoretical researches about AFMTI
state were based on either approximation method or numeri-
cal simulation. In this paper, we study the interplay between
topology and magnetism with TIKL, which has never been
studied in such an exactly analytical way, and the results can
also cover many conclusions in standard topological Kondo
lattice [34, 40]. We hope this work could bring some new
insights into TKI.
In topological Kondo lattice, itinerant electrons are mod-
elled by Haldane or Kane-Mele model, so as to generate TKIs
when coupled to localized f -electrons via Kondo interaction.
Here, we choose the Kane-Mele model and thus lead to a solv-
able TIKL with QSH state. Accordingly, if we model itinerant
electrons byHaldane Hamiltonian, the alternative TIKLwould
instead generate a distinct magnetic topological state, i.e., an
AFM Chern insulator with QAH state. (See details in SM).
Most of all, doping Sb in pure MnBi2Te4 will simultane-
ously introduce the disorder effect, where the chemical disor-
der effect has been considered in previous researches [31, 37],
and thus may produce AI as predicted in Fig. 5. Fortu-
nately, the disorder effect will hardly change the global topol-
ogy, which is protected by a symmetry holding on average
[43, 44]. Our work highlights the possibility to realize the TAI
in Mn(SbxBi(1−x))2Te4 family materials at high temperature.
Further careful experiments are needed to investigate the sur-
face states and conductance with precisely regulated doping in
Mn(SbxBi(1−x))2Te4 materials.
Conclusion.−In this work, we utilize the exactly
solvable TIKL to phenomenologically describe the
Mn(SbxBi(1−x))2Te4 family materials. Several previously ob-
served or predicted quantum topological states emerge natu-
rally in TIKL system, including AFM DSM, AFMTI, DSM
5and TI. It reveals that the TIKL is capable to capture rich
physics involved in the intrinsic magnetic TI. In addition, the
x-dependent topological phase transition could be understood
by t ′-dependent transition in TIKL. With Monte Carlo sim-
ulation, we have confirmed the existence of AFMTI at finite
temperature, as well as a disorder-free AI. We believe that our
findings will offer a promising avenue to realize rich magnetic
topological states at high temperature.
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